Second-order differential equation - prediction method

One of the basic types of second-order differential equations is the homogeneous equation with constant
coefficients. The process of solving this type of equation involves predicting a solution that takes the general
form:

y(z) = Ce™ (1)

Based on the obtained roots (solutions) of the predicted equation, the final general equation is formulated.
Below is an example problem illustrating the process of solving this type of equation:

We consider the following differential equation:

y' =Ty +10y=0 (2)
Where:
y(x) (3)

Is the function we are looking for.

Predicting the solution

The first step in solving the given equation is to determine the derivatives of the predicted solution. Recalling
the original equation, which we predict as our solution, has the following form:

y=Cer (4)

And then finding the necessary derivatives. In the case of second-order equations, as the name suggests, the
highest derivative is of the second degree. Therefore, we need the first two derivatives of the predicted solution.
The first derivative is:

y = Cre™ (5)
Second derivative:
y// _ CT,Qera: (6)

The next step is to substitute the respective predictions into the corresponding derivatives in the original
equation:

10Ce™ + Cre™ — 7Cre™ = 0 (7)
One can notice recurring elements and factor them out before the parentheses:
C(r*=Tr+10)e™ =0 (8)

The fundamental principle of mathematics states that if the product of two factors equals zero, then at least
one of those factors must be zero. However, in the method of predictions, we do not consider two cases because
when the constant of integration, and thus the exponential function, equals zero, the task becomes trivial
and does not require further analysis. Therefore, we focus on the second factor, commonly referred to as the
characteristic equation, which will provide us with the necessary roots to predict the final equation. The
equation undergoing further analysis has the following form:

104+7*—Tr=0 (9)
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After solving a certain number of problems, one can observe a pattern arising from the above prediction, which
allows skipping this step and substituting the appropriate values according to the following substitutions:

y=r" (10)
y = (11)
y// — 7,,2 (12)

Solution of the characteristic equation and general analysis of its solutions in the
context of solving second-order differential equations

In second-order differential equations, the characteristic equation takes the form of a quadratic equation. Such
an equation can yield three types of roots in its solution, and depending on the type obtained, we select the
general solution of this equation. When the calculated discriminant is greater than zero, we obtain two real
roots in the form ro and ;. In this case, the predicted solution takes the form:

Yy = Cre"® + Che™” (13)

When the calculated discriminant is equal to 0, we obtain one root in the form rq. In this case, the predicted
solution takes the form:

y = C1e™" 4+ Coxe™™" (14)
When the calculated discriminant is less than 0, we obtain two complex roots in the form:

ro=oa+ 01 (15)

rn=a—0 (16)

Where « is the real part of the root, and 3 is the imaginary part. The predicted solution in this case takes the
following form:

y = (Cq cos (Bz) + Cysin (fz)) e*® (17)

The characteristic equation in the given example is:

10+7%—=7r=0 (18)

The roots of this equation take the form:
rog = 2 (19)
r = 5 (20)

After identifying the type of roots, we can express the solution as:

y= (Cr+ Cae®) e (21)
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